25. Vector or Cross Product

Exercise 25.1

1. Question

If5=1+3j—2k and b= _j + 3k, find ‘ﬁ xﬁ‘.
Answer

Giveng =i+ 3j—2kandp = —j + 3k

We need to find the magnitude of the vector3 x b

Recall the cross product of two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

ik
dxb=|a, a, a;
by by b,

Here, we have (a1, a3, a3) = (1, 3, -2) and (by, by, b3) = (-1, 0, 3)

k
-2
3

i
1
-1
ax b =1[(3)(3) — (0)(=2)] = il(1)(3) — (1) (=2)] + K[(1)(0) — (~1)(3)]

=3xb=19-0] —j[3 - 2] + k[0 - (-3)]

.
ixb

]

o Ll =

U

Recall the magnitude of the vector xi + yj + 7k is
- o 4 D R )
i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b].

|3xb| =92+ (—1)2 + 32

ixb|=VvBI+1+9

=

|§1}><l_); =\.’ﬁ

Thus, |3 x b| = V91
2 A. Question
axb

Ifa=3i+4jand b =i+ j+k. find the value of

Answer
Given3 =3i+4jandp =i +j+k
We need to find the magnitude of the vectorz « b

Recall the cross product of two vectors 3 = g, i+ a,j + a,k and b= b,i+b,j+bykis

I R A
El;Xb= al az ag
b, b, b
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Here, we have (a1, a3, az) = (3, 4, 0) and (b, by, b3) = (1, 1, 1)

-~

gk
=3ixb=13 4 o

1 1 1
= 3x b = i[(4)(1) — (1)(0)] = [(3)(1) — (L) (0)] + K[(3) (1) — (1)(4)]

= 3xb=14-0] —j[3—0] +k[3 —4]
~ixb=41-3j—k
Recall the magnitude of the vector xj + Vi + 7l is
i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x E"

|Fxb| =2+ (—3)2+ (—1)2

= |axb|=vi6+9+1

S

2 [Axb| =+
Thus, |3x b| = V26

2 B. Question

If 5 = gi _JB = 1 —_]—L find the magnitude of 5 XE.
Answer

Given3 =2i+jandp =i+j+k

We need to find the magnitude of the vectorz x b

Recall the cross product of two vectors 3 = g, i+ a,j + a,k and b= b,i+b,j+bykis

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (2, 1, 0) and (b, by, b3) = (1, 1, 1)
ij K
2 10
11 1

= 3x b =1[(1)(1) - (1DO)] (2 (1) — (V@] + k{(2) (1) — (1)(1)]

ixb=i[1-0]—j[2—0] +&k[2—1]

-
=3adxb=

U

~axb=1-2j+k

Recall the magnitude of the vector xi + yj + 7l is
T 3 1 p—

i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b|.

|axb| =12+ (—2)2 + 12

= |ixb|=vita+1
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|§><E| = \."'_6

S

Thus, the magnitude of the vectorz x ) = /6
3 A. Question

Find a unit vector perpendicular to both the vectors 41 - J + 31;- and _2{ + J - gk
Answer

Given two vectors 4 —j + 3k and —2i + j — 2k

Let3 = 4i—j+3kandp = —2i+j—2k

We need to find a unit vector perpendicular to 3 and p,.

Recall a vector that is perpendicular to two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

ik
dxb=|a, a, a;
by by b,

I B
=3axb=|4 -1 3
-2 1 -2
= dx b =1[(-1)(-2) - (DE)] - j[(#)(-2) - (-2)(3)]
+k[(4)(1) - (—2)(-1)]
= 3ixb=12-3] —j[-8+ 6] + k[4 — 2]

~axb=—1+2j+2k

Let the unit vector in the direction of3  j be p.

[ o

We know unit vector in the direction of a vector 3 is given by 3 =

[

)
(=i}

X

=p=

=t

Recall the magnitude of the vector xj + yj + 7k is

3 x

xityj+ k| = AT
| |=

Now, we find |3 x §|

|3xb| =/ (D)2 + 22 + 22
L [ixB|= VITET2
|§1}><l_)}|=\.@=3

So, we have 5 _ 3%k
p 3

Thus, the required unit vector that is perpendicular to both3 and  is % (—1+ 2] + 2k).

3 B. Question
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Find a unit vector perpendicular to the plane containing the vectors g = 2§ _:i_L"; and h =i+ g:i Lk
Answer

Given two vectors3 = 2i +j+kandp =1+ 2§+ k

We need to find a unit vector perpendicular to 3 and p,.

Recall a vector that is perpendicular to two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

I R A
El;Xb= al az ag
by by b;

1§k
=3ixb=2 1 1

1 2 1
= 3x b =i[(1)(1) — (2)(D]=j[(2)(1) — (D (D] + k[(2)(2) - (D)(1)]

=3ixb=11-2]—j2—1] + k4 —1]
~d3xb=-1—j+3k
Let the unit vector in the direction of3 « }; be j.

We know unit vector in the direction of a vector 3 is given by 3 = %
a

asl
o'l

X

=p=

=1

X

i

Recall the magnitude of the vector xi + yj + 7l is
- o 4 D R )
i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b.

|axb| =/ (—D2+ (-1 + 32
= |ixb|=vit1+9
|5}><E|= \.ﬁ

So, we have p = b
1

1 -
=:-ﬁ=—l(—'1‘—]‘+3k)

-t
[a

Thus, the required unit vector that is perpendicular to both3 and  is %ﬁ(—i‘ —j+3k).
4. Question

Find the magnitude of vector g = ( 3k + 4]) X (1 —|—j — 1{)

Answer

Given3 = (3k +4j) x (i+]— k)

~ 3= (4f+3R) x (1+]-K)
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We need to find the magnitude of the vector3.

Recall the cross product of two vectors3 — 3, i+ a,j +a,k and b= b,i+b,j+bykis

ik
dxb=|a, a, a;
by by b,

i j k
=3d=10 4 3

1 1 -1
=3 =1i[(4)(-1) = (D] =0 (=1) = (1) ()] + K[(0)(1) — (1)(4)]
= 3d=1[-4—3]—§[0— 3] + k[0 — 4]

~d=-71+3) -4k

Recall the magnitude of the vector xj + yj + 7k is

i+ v+ k| = R T T 2

Now, we find |3].

@l = (=7)2+ 32+ (-4)?

= |3d|=v49+9+ 16

- |3 = V74

Thus, magnitude of vector 3 = /74

5. Question

If 3= 4i+3]+k and b =} — 2k, then find \zﬁxa

Answer
Given3 = 4+ 3j+ kandp =1 — 2k

We need to find the magnitude of vector 2f; % 3.

We know unit vector in the direction of a vector 3 is given by 3§ =

: b
= b=1=
[b]
L E (i - 2k)
12t (-2

.~ 1. .
=>b=vl,—§(l—21{}

.2 - 2 4 .
.2b=—(i—2k)=—<i——=k
2b \E(l ) ‘51 75

Recall the cross product of two vectors 3 = g, i+ a,j + a,k and b= b,i+b,j+bykis
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I R A
by by b;

i j k
=:-?.E><§)=i 0 _i

V5 \.’E

4 3 1

= 2bxd= 1‘[(0)(1) - (3) (— \%)] - [(%) (D= (‘ \%)]
k(%)@ - @o)

2bx 3 "[10+12 j 2+16+R[6 0]
=2bxa=1 —=|-jl=*+—= — -
TN ETE TS
. . 12 18_ 6 .
~2bxda=—1——j+—=k

RN

5

v

Recall the magnitude of the vector xj + yj + 7k is
- - Pl o3 171 o3
|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |26 % §|.

. 122 18\* /6
263 = () +(-) +(%)

”"J&%%

+—+
5 5 5

ThUS, |ZE><§| — 504

6. Question

Ifa=3i—j—2Kk and § = 2{ +3j+K, find (a +2b)x(2a —b)
Answer

Given3i —=3i—j—2kandp = 21+ 3j+ &k

We need to find the vector (3 + 25’) % (25’_5’).
3+2b=(31-j-2k) +2(2i + 3j+ k)

=3+2b=(3+4)i+ (—1+6)j+ (—2+2)k

~3+2b=71+5]

i-b=2(31—j—2k)— (20 +3j+k)

(4]

=23i-b=(6-2)i+ (—2-3)j+ (—4— Dk
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~23—b=4i—5]—5k

Recall the cross product of two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

!

Lot
by by, by

Here, we have (a1, ay, a3) = (7, 5, 0) and (b;, by, b3) = (4, -5, -5)

— — i T k
=(F+2b)x(2a-b)=|7 5 o0
4 -5 -5

= (3+2b) x (23-Db)
=1[(5)(=5) = (=5)(0)] =j[(7)(=5) — (£)(0)]
+k[(7)(=5) - (D) ()]
= (3+2b) x (23 —b) = i[-25 — 0] —j[—35 — 0] + k[—35 — 20]
= (3+2b) x (23 - b) = —251+ 35] — 55k
Thus, (3 + 2b) x (23 —b) = —251 + 35j — 55k
7 A. Question
Find a vector of magnitude 49, which is perpendicular to both the vectors 3{ 1 33 1 51:; and 3i — .53 1 gk
Answer
Given two vectors 2i 4 3j + 6k and 3i — 6f + 2k
Let3 = 2i + 3j+ 6k and b = 31 — 6]+ 2k
We need to find a vector of magnitude 49 that is perpendicular to3 and j.

Recall a vector that is perpendicular to two vectors 3 — 3,§ + a,j + a,k and b= b,i+b,j+bykis

-

I TR T
=3ixb=2 3 ¢
3 -6 2
= dx b =1[(3)(2) - (—6)(6)] — {[(2)(2) — (3)(6)] + k[(2)(~6) — (3)(3)]

= 3x b =1[6 +36] — j[4¢ — 18] + k[-12 — 9]

~3xb=42i+ 14— 21k

Recall the magnitude of the vector xj + yj + 7k is
a - i o3 | 2 L =2

%1+ yj +zk| = x2 + y2 + 22

Now, we find |g x §|

|d x b| = /427 + 142 + (—21)2

= |d@ x b| = V1764 + 196 + 441
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- |@x b| = v2401 = 49
Thus, the vector of magnitude 49 that is perpendicular to both3 and  is 427 + 14] — 21k-
7 B. Question

Find the vector whose length is 3 and which is perpendicular to the vector 5 =3 1 _:i — 4L and

—_

b=6i+35j-2k.

Answer

Given two vectors3 = 3i + ) — 4k and p = 6j + 5] — 2k

We need to find vector of magnitude 3 that is perpendicular to3 and p.

Recall a vector that is perpendicular to two vectors 3 = 3,1+ a,j + aaﬁ andp — b,i+b,j+bykis

I R A
El;Xb= al az ag
by by b;

- |17k
=dxb=3 1 —4
6 5 -2

= 3x b = 1[(1)(~2) — (5)(—4)] - j[(3)(—2) — (6) (—4)] + K[(3)(5) — (6)(1)]

Axb =i[-2+ 20] —j[—6 + 24] + k[15 — 6]

U

~3xDb =181 — 18]+ 9k

Recall the magnitude of the vector xj + yj + 7k is
a - i (o3 | <r? L =7

|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |3 x E|

|3xb| =182 + (—18)2 + 92

= |axb| =324 + 324 + 81
= [Exb| =729 =27

Let the unit vector in the direction of3  j be p.

[ o

We know unit vector in the direction of a vector 3 is given by 5 = =

[

_ 3xb
= = —
P ExH|
A_Exﬁ
“P=77

P = 1[18“ 18] + 9k)
=P =o-181— i+

So, a vector of magnitude 3 in the direction of 3 « j is

3p=3 1(18" 18]+ 9k)
p= XE i—18j+
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=

=3p = 6(18’1‘— 18] + 9k)
2 3p=21—2+k
Thus, the vector of magnitude 3 that is perpendicular to both3 and  is 21 — 2i + k-

8 A. Question

Find the area of the parallelogram determined by the vectors :
2{ and 3:]'

Answer

Given two vectors 21 and 3j are sides of a parallelogram

Leti =2iandp = 3

Recall the area of the parallelogram whose adjacent sides are given by the two vectors3 — 3, i+ a,j + a,k
andp — b, i+ b,j+ b,k is |3 x b| where

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (2, 0, 0) and (b, by, b3) = (0, 3, 0)

L |t ik
=axb=2 0 o0
0 3 0

= 3x b = 1[(0)(0) — (3)(0)] - [(2)(0) — (0) ()] + k[(2)(3) — (0)(0)]

3xb = 1i[0— 0] —j[0 — 0] + k[6 — 0]

U

~3axb =6k

Recall the magnitude of the vector xj + yj + 7k is
- - 1 [ - m—

|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |3 x ﬁ|

|3 x b| = /02 + 02 + 62

= |§XE)|=\."IE

Thus, area of the parallelogram is 6 square units.
8 B. Question

Find the area of the parallelogram determined by the vectors :
2i+j+3k and i

Answer

Given two vectors 21 +j + 3k and i —j are sides of a parallelogram
Letd—2i+j+3kandh =1—j

Recall the area of the parallelogram whose adjacent sides are given by the two vectors3 — 3, i+ a,j + a,k
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and § = b, i+ b,j+ byk s |3 x b| where

-

I TR T
=3ixb=2 1 3
1 -1 0

U

ax b =1[(1)(0) — (-1 (3] —l(2)(0) — (1)(3)] +k[(2)(-1) — (1)(1)]
3ixb=10+3] —jl0—3] +k[-2 — 1]

—

~3axb=3i+3j-3k

]

Recall the magnitude of the vector xj + yj + 7k is
- - Pl o3 171 o3
|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |3 x E|

|axb| =32 +32 + (—3)2

= |axb|=vo+9+9

~|ixb|=3V3

Thus, area of the parallelogram is 3,/3 square units.

8 C. Question

Find the area of the parallelogram determined by the vectors :

31+ -2k and { —3j+ 4k

Answer

Given two vectors 31 + § — 2ftandj— 3+ 4] are sides of a parallelogram
Let3 —3i+j—2kandp =§— 3j+ 4k

Recall the area of the parallelogram whose adjacent sides are given by the two vectorsz — 3.§+ a,j +a,k
and [ — b, i+ b,j+ b,k is [ x b| where

O S T
=daxb=3 1 -2
1 -3 4
=3xb =1[(1)@) - (-3)(-2)] - jI3) @ — (D(=2)] + k[(3)(~3) — (1)(1)]
= 3ixb=14—6] —j[12 +2] + k[-9 — 1]

~3xb=—2i—14j— 10k

Recall the magnitude of the vector xj + yj + 7k is
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xi+yj+k|= JEFEE
| =

Now, we find |3 x b|.

|3xb| = J(=2)2+ (-14) + (—10)2

=[x b| = V4 + 196 + 100

- |[axb| = 10y3

Thus, area of the parallelogram is 1(,/3 square units.

8 D. Question

Find the area of the parallelogram determined by the vectors :
i—3j+kand i+ -k

Answer

Given two vectorsj — 3j + kandj+ i+ i; are sides of a parallelogram
Leti—i-3j+kandp =i+j+k

Recall the area of the parallelogram whose adjacent sides are given by the two vectorsz — 3 i+ a,j +a,k
and § = b,i+b,j+ b,k is |3 x b| where

-

ik
dxb=|a, a, a;
by by b,

Here, we have (a1, a3, a3) = (1, -3, 1) and (by, by, b3) = (1, 1, 1)

I TR T
=daxb=|1 -3 1
1 1 1

ax b =1[(=3)(1) - (D] - (1) (1) = (1) (1] + k(1) (1) - (1)(-3)]

ixb=1-3—1]—jl1 - 1] + k1 + 3]

U

]

~Axb=—41+4k

Recall the magnitude of the vector xj + yj + zk is
T 3 1 p—

i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b].

|3xb| = /(—4)2+ 02 + 42

= [ixb|=Vi6+ 16

|§) X El = 4\-@

Thus, the area of the parallelogram is 4,/2 square units.

9 A. Question

Find the area of the parallelogram whose diagonals are :

41—j-3k and —2i+j-2k
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Answer

Given two diagonals of a parallelogram are 4i —j — 3k and —2i +j — 2k
Let3=4i—j—3kandp = —2i+j—2k

Recall the area of the parallelogram whose diagonals are given by the two vectors3 — 3§+ a,j + aaﬁ and
— ~ 1 o
b = b, i+ b,j+ b,k is 5[ x b| where

I R A
El;Xb= al az ag
by by b;

Here, we have (a1, a3, a3) = (4, -1, -3) and (b, by, b3) = (-2, 1, -2)

-~

- |t 7k
=daxb=|4 -1 -3
-2 1 -2

= axb =i[(-1)(-2) = (1)(=3)] = j[(4) (—2) — (=2)(-3)]

+R[(9) (1) - (-2)(-1)]

ixb=1i[2+3] —j[-8— 6] + k[4 — 2]

U

~3xb =51+ 14+ 2k

Recall the magnitude of the vector xj + yj + 7k is
- - 1 [ - m—

|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |3 x E|

|3x b| = /52 + 142 + 22

= [ixb| = V25 + 196 + 4

= [dxb| = v225 = 15
_|51’><B‘|_15_75
2 2 U

Thus, the area of the parallelogram is 7.5 square units.
9 B. Question

Find the area of the parallelogram whose diagonals are :
2i+kandj+j+k

Answer

Given two diagonals of a parallelogram are27 + ; andj + j+ ik
Leti—2i+kandp = j+j+k

Recall the area of the parallelogram whose diagonals are given by the two vectors3 — 3§+ a,j + aaﬁ and
— ~ 1 o
b = b, i+ b,j+ b,k is 5[ x b| where

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (2, 0, 1) and (b, by, b3) = (1, 1, 1)
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-~

k
1
11

ax b =1[(0)(1) — (D] -J1(2) (1) - (1)(W)] + K[(2)(1) - (1)(0)]

ixb=10-1]—j2—1] + k2 —0]

i)
]
[

]

~daxb=—-1—j+2k

Recall the magnitude of the vector xi + yj + zk is
a - i [ 1 27 4 -2

i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b].

|axb| =/ (—D2+ (-2 + 22

= |axb|=vit1+4

=:-|§)><E)|=v"g
_|§><E|_\."'_6
2 2

Thus, the area of the parallelogram is Ve square units.
2

9 C. Question

Find the area of the parallelogram whose diagonals are :
3i+4jand i+ j+k

Answer

Given two diagonals of a parallelogram are3j + 4jand { +j + k
Let3 =3i+4jandp = 1 +j+k

Recall the area of the parallelogram whose diagonals are given by the two vectors3 = 3,1+ a,j + aaﬁ and
— a1 g
b = b, 1+ b,j+ byk is 5 [3 x b| where

ik
dxb=|a, a, a;
by by b,

Here, we have (a1, a3, a3) = (3, 4, 0) and (b, by, b3) = (1, 1, 1)

i j k
3 4 0
11 1

= 3x b =1[(4)(1) - (D] (3 (1) — (1) (@] + k[(3) (1) — (1)(4)]

dixb=i[4—0] —j[3—0] +&k[3—4]

U

~daxb=41-3—k

Recall the magnitude of the vector xj + yj + 7k is
a - i (o3 | <r? L =7

|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |3 x E|
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|axb| =2+ (—3)2+ (—1)2
= |ixb|=vie+9+1

= |§XE}|=\;%

S

N

Jaixb
T2

o

VZE

Thus, the area of the parallelogram is square units.
2

9 D. Question

Find the area of the parallelogram whose diagonals are :
21+3j+6k and 3] —6j+ 2k

Answer

Given two diagonals of a parallelogram are 2i + 3j + gk and 3i — 6j + 2k

Let3 = 21+ 3j+ 6k and b = 31 — 6§+ 2k

Recall the area of the parallelogram whose diagonals are given by the two vectors3 — 3§+ a,j + a,k and
— a1 g

b = b, 1+ b,j+ byk iS5 [3 % b| where

ik
dxb=|a, a, a;
by by b,

-

Lk
=3ixb=2 3 ¢
3 —6 2
= dx b =1[(3)(2) - (-6)(6)] —[(2)(2) — (3)(6)] + k[(2)(~6) — (3)(3)]
= 3x b =1[6 +36] — j[4¢ — 18] + k[-12 — 9]

~3axb=42i+ 14j— 21k

Recall the magnitude of the vector xj + yj + 7k is
a - i [ 1 27 4 -2

i+ yf + zk| = /x2 + y2 + 22

Now, we find |3 x b].

|3xb| = /422 + 142 + (—21)2

= |[3x b| = V1764 + 196 + 441

Thus, area of the parallelogram is 24.5 square units.

10. Question

—_

If&::i_jj_ﬂ;_ b:_3i_4:]'_1; and E:i_g:i_ﬂ;_ compute (EXB)XE and ax(ﬁxg) and verify
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that these are not equal.

Answer

Givenz = 2i+ 5] — 7k b = —3i+ 4] + kand & =1 — 2j — 3k
We need to find (3 x b) x &

First, we will find 3 % b-

Recall the cross product of two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

!

|
by by, by

S |f 7k
=dxb=|2 5 -7
-3 4 1
= dx b =1[(5)(1) — (-] -[(2) (1) — (-3) (7] + k[(2)(4) — (-3)(5)]
= 3xb=1[5+28] —j[2 — 21] + k[8 + 15]

~3x b =331+ 19]+ 23k
Now, we will find (3 x b) x &

Using the formula for cross product as above, we have

-~

.. . |t 1 Kk
(@xb)xt=|33 19 23
1 -2 -3

= (Exb)x¢

=1[(19)(=3) = (-2)(23)] —jl(33)(—3) — (1)(23)]
+k[(33)(-2) - (1)(19)]

= (Fxb) x € =1[-57 + 46] —j[-99 — 23] + k[-66 — 19]

= (@xDb)x & =—11i + 122j — 85k

Now, we need to find 3 x (b x 2)-

First, we will find % ¢

Using the formula for cross product, we have

- i i k
=bxt=|-3 4 1
1 -2 -3

= bxe=1i[(4)(-3) - (-2)(1D] - il(—=3)(=3) — (V)]

+k[(=3)(=2) = (1)(4)]
=bxe=1-12+ 2] —j[9 — 1] + kl6 — 4]
~bx¢=—10i—8 + 2k
Now, we will find3 x (b x &)-

Using the formula for the cross product as above, we have
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I
2 5 -7
-10 -8 2

ax(bxg)=

=ax(bx¢)
=1[(5)(2) - (=8)(=7)] -jl(2)(2) = (=10)(=7)]
+k[(2)(—8) — (—10)(5)]

= dx (bx &) =1i[10 — 56] — j[4 — 70] + k[—16 + 50]
=3 x (b x &) = —46i + 66] + 34k

So, we found (3 x b) x & = —11i + 122j — 85k and

3 x (b x &) = —46i + 66] + 34k

Therefore, we have (3 x b) x & = 3 x (b x &)-

11. Question

—

a

—

if |a| =2.[b|=5 and |axb| =8, find 3 p.

Answer
Given [3| = 2, [b| = 5and |[axb| =8
We know the cross product of two vectors 3 and ;; forming an angle 6 is
3 x b = |3]|b|sin 8 &
where 7 is a unit vector perpendicular to 3 and
= [dx b| = [3][b]Isine| |5l
fi is a unit vector = |f| = 1
=28=2x5x%xsinBx1
=10sin®6 =38
. 4
~ 8inf = 3
We also have the dot product of two vectors 3 and ; forming an angle 6 is
3.b = [3l|b|cose
=3b= |§||g|cosﬂ
But, we have sin20 + cos28 = 1

= 3.b = [3][b]y/1 - sinz6

- 42
=ab=2%x5x 1—(—)
5
3B—10x |18
b=10x [1-——
=4 25
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Thus,3b =6

12. Question

Given 4 = L(2§ +3j+ 6k ).b == (3~ 6]+ 2k ). ¢ == (61 +2j~3Kk).L j. k being a rignt handed
orthogonaljsystem of unit vectorjs in space, show that 5 E E is also another system.

Answer

To show that3, |, ¢ is a right handed orthogonal system of unit vectors, we need to prove the following -

Let us consider each of these one at a time.

(a) Recall the magnitude of the vector xj + yj + 7l is
- o 4 D R )

i+ yf + zk| = /x2 + y2 + 22

First, we will find |3].

1
-
|a|=§\r22+32+62

1
=:-|§|=§\£4+9+36

1 1
_)—_ —_—
= |a|l=5v49=-x7
3l = 5va9 = -
~al=1

Now, we will find |3].

1
|b] = ?\HBE +(—6)2+22

— 1
> [B| == vo+36+4

1 1
= — = —
= |b] 7{49 %7

Finally, we will find |¢|.

1
€] = ﬁfe? +22 4+ (—3)2

1
= |E|=?\,’36+4+9
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Hence, we have |3| = |b| = |¢] = 1
(b) Now, we will evaluate the vectorz x

Recall the cross product of two vectors3 — 3§+ a,j + agﬁ andp — b,i+b,j+byk is

Taking the scalar% common, here, we have (aj, a, a3) = (2, 3, 6) and (b, by, b3) = (3, -6, 2)

-

_}E}llka
=axb==-xz|2 3 &
777

3 —6 2

]

ixb= %('f[w)(z) —(—6)(&)] —il(2)(2)— (3)(6)]
+k[(2)(-6)— (3)(3)])

U

| .
ixb= E[’1‘[6+36] —i[4 —18] +k[-12 - 9])

ixb= i(42"+ 14j — 21K)
=dxb = (42 j

(c) Now, we will evaluate the vectory x ¢

Taking the scalar% common, here, we have (aj, a, a3) = (3, -6, 2) and (b, by, b3) = (6, 2, -3)

bx ¢ L X e J s
= C=ZXZ7|13 -6 2
[ PR
=bxé= 4—19 ([(=6)(—3) — (2(2)] - il(3)(—3) — (6)(2)]

+k[(3)(2) - (6)(—6)])

- 1 -
=:-b><E=E[T[18—4]—]“[—9—12]+k[6+36])

- 1 -
=>b><E=E{14'1‘+21j‘+42k)

-~

I .
--b><c=?{21+3]+6k)=a
Hence, we have x ¢ = 3.

(d) Now, we will evaluate the vector¢ %« 3

Taking the scalar% common, here, we have (aj, a, a3) = (6, 2, -3) and (b, by, b3) = (2, 3, 6)
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i
6
2

)
=il
X
il
Il

-3
6

~l| =
~l| =
L b =

= {xd= % (i[(2)(6) — (3)(—=3)]1 =il(6) (6) — (2)(—3)]
+k[(6)(3)— (2)(2)])

=>Exa’=ﬁ('f[12+9]—j‘[36+6]+ﬁ[18—4])
=+ = 1 a =~ i
= tx3d=—(211— 42] + 14k)

49
oL 1 e =
|:><a=§(31—6]+2}=b

—

Hence, we have g w3 = b
Thus, 3, b, ¢ is also another right handed orthogonal system of unit vectors.

13. Question

—_

if |a| =13. [b| =5 and 3 b =60, then find |a x b

Answer

Given [i| = 2, [b| = 5 and3.b = 60

We know the dot product of two vectors 3 and | forming an angle 8 is
3.b = [3l|b|cose

= 60 =13 x 5 x cosB

= 65 cos 6 = 60

g 12
-~ 0SB =_—
13

We also know the cross product of two vectors 3 and j, forming an angle 6 is
3 x b = |3]|b|sin 8 A

where 7 is a unit vector perpendicular to 3 and i,

= |3 x b| = [3]]b]|sin6] |4l

But, we have sin?6 + cos20 = 1

= |ax b| = [3]|bJy/1 — cos28 [

fi is a unit vector = || = 1

= |ixb|=13x5x 1—(E)2x1

axol= 13
|axb|=13x5 o

= |d X = X o X 169

|axb|=13x5 2
= |d X = X o X E
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= 1 5
|a><b|—13><5><E—25

Thus, |3x b| = 25

14. Question

—

Find the angle between two vectors ; and y_ if |axb|=a.b.

Answer

Given |3 x b| =3.b-

Let the angle between vectors3 and j; be 6.

We know the cross product of two vectors 3 and , forming an angle 6 is
3 x b = |3|[bsin 8 f

where 7 is a unit vector perpendicular to 3 and

U

|&x b| = [4][b|Isin6| 5]

fi is a unit vector = |fi| = 1

= |3x b| = [3]|b|Isin6] x 1

o |3 x E| = |§||E|5111E}

We also have the dot product of two vectors 3 and ; forming an angle 6 is
a.b = [d]|b|cos®

But, it is given that |3 x b| =3.b

= |3||b| sin® = [3]|b]| cos®

=sin B = cos 6

=s>tanB6 =1
5 T
~8=7

Thus, the angle between two vectors isE.

15. Question

If 3 XE = E %o = f]. then show that 3 . G = 1115' where m is any scalar.
Answer

Givengxb=bx¢ = 0-

We have x ¢ = —(Zxb)
—dxb—[-(¢xb)] =0
=3ixb+txb=0

Using distributive property of vectors, we have
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(3+3)xb=0

We know that if the cross product of two vectors is the null vector, then the vectors are parallel.

Here, 3+ &) xb=0
So, vector (3 + ¢) is parallel to,.
Thus, 3 + 2 = mb for some scalar m.

16. Question

—_

a

—_

If .Ib

-7

Answer
Given [3] = 2, [b| = 7 and 3 x b = 31 + 2j + 6k

Let the angle between vectors3 and j; be 6.

We know the cross product of two vectors 3 and ; forming an angle 6 is

3 x b = |3]|b|sin 8 A

where f is a unit vector perpendicular to 3 and i,
= |3 x b| = [3]]b]|sin6] |4l

fi is a unit vector = |fj| = 1

|3 x b| = |3]|b||sinB] x 1

U

= |3x b| = [3]|b]sin®

Recall the magnitude of the vector xj + yj + 7k is
kit yj+2k| = 2 Fy2 r 22
ﬂv’m=2x7><sinﬂ

=9+ 4+36=14sin0

= /49 = 14sin0

=14sin6 =7
oo L
= = — = —
5 12 2
6 T

Thus, the angle between two vectors isg.

17. Question

=7 and g xb =3i+ g:i_ 6k. find the angle between ; and .

What inference can you draw if 3 x —( and a.b = 0.

Answer

Givenz xph=gandzp = o

To draw inferences from this, we shall analyze these two equations one at a time.

Get More Learning Materials Here : &

@ www.studentbro.in



First, let us considerz x p = -

We know the cross product of two vectors 3 and ;; forming an angle 8 is
3 x b = |3]|b|sin 8 &

where i is a unit vector perpendicular to 3 and §.

So, if3 x b = §. We have at least one of the following true -
(@l|al=o0

(b) [b] =0

(c)|d=o0and [b| =0

(d) 3 is parallel to},

Now, let us considerz j — p-

We have the dot product of two vectors 3 and f, forming an angle 6 is
3.b = [3l|b|cose

So, if3 b = g, we have at least one of the following true -

(@l|al=o0

(b) [5] = 0

(c)|d=o0and [b| =0

(d) 3 is perpendicular to i

Given both these conditions are true.

Hence, the possibility (d) cannot be true as 3 can’t be both parallel and perpendicular to} at the same time.
Thus, either one or both of3 and |, are zero vectors if we havez «p = g as wellas3 = -
18. Question

If 5 E E are three unit vectors such that 5 xE = EE xE — 5 E xg :E. Show that 5 E E form an
orthonormal right handed triad of unit vectors.

Answer

Givengxb=tbxé=3and¢x3=b

Considering the first equation, Z is the cross product of the vectors3 and p.

By the definition of the cross product of two vectors, we haveg perpendicular to both 3 and p,.

Similarly, considering the second equation, we have 3 perpendicular to both ; and ¢.

Once again, considering the third equation, we have}; perpendicular to both ¢ and 3.

From the above three statements, we can observe that the vectors 3, i and ¢ are mutually perpendicular.
It is also said that3, | and g are three unit vectors.

Thus, 3, b, & form an orthonormal right handed triad of unit vectors.

19. Question
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Find a unit vector perpendicular to the plane ABC, where the coordinates of A, B and C are A(3, -1, 2), B(1, -
1, -3) and C(4, -3, 1).

Answer
Given points A(3, -1, 2), B(1, -1, -3) and C(4, -3, 1)
Let position vectors of the points A, B and C be3, p and ¢ respectively.

(a)
A(3,-1,2)

= =i
B(1,-1,-3)
b)

(
@

C4,-31)

We know position vector of a point (x, y, z) is given by xj + yj + zk wherej, j and k are unit vectors along X, Y
and Z directions.

=3=(3)i+(—1j+ Dk

~3a=3i—-j+2k

Similarly, we have} —j— j—3kand¢=4i-3j+k
Plane ABC contains the two vectors ag and AC.

So, a vector perpendicular to this plane is also perpendicular to both of these vectors.
Recall the vector AR is given by

AB = position vector of B — position vector of A

- AB=b-13

= AB=(i—j—3k) - (3i—j+ 2k

S AB=(1-3)i+(-1+1Dj+(-3-2k

- AB = —2i — 5k

Similarly, the vector ac is given by

AC = position vector of C — position vector of A
>AC=¢-3

= AC = (41— 3j+ 1k) — (31— j+ 2k)
SAC=(4-3)i+(-3+1j+(1-2)k

~AC=1-2]—k

We need to find a unit vector perpendicular to A5 and Ac.

Recall a vector that is perpendicular to two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (-2, 0, -5) and (b, by, b3) = (1, -2, -1)
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i j k
-2 0 =5
1 -2 -1
= ABx AC = i[(0)(-1) = (=2)(=5)] = jl(=2)(=1) = (1) (=5)]
+k[(=2)(=2) — (1)(0)]

= AB x AC =1i[0 — 10] — j[2 + 5] + k[4 — 0]

= AB x AC =

» AB X AC = —10i — 7j + 4k

Let the unit vector in the direction of A5 x AC be p.

We know unit vector in the direction of a vector 3 is given by 3§ =

_ ABxAC
=P =1
|AB x AC|
Recall the magnitude of the vector xj + yj + 7k is
- - Pl o3 171 o3
|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |ﬁ X R’|

|AB x AC| = {/(=10)2 + (-7 + 42
= |AB x AC| = V100 + 49 + 16

|ﬁxﬂf| =165

So, we haveﬁ = ELE
V163
=p= — (—101— 7] + 4k)
V165

)

Thus, the required unit vector that is perpendicular to plane ABC is—(—10i — 7j + 4k).

20. Question

If a, b, c are the lengths of sides, BC, CA and AB of a triangle ABC, prove that B = CA + AR — () and

b C
smA smB sinC

deduce that

Answer
Given ABC is a triangle with BC = a, CA = b and AB = c.
= |ﬁl}| =a, |ﬁ’| = band |ﬁ| =cC

A

B - a C

—_—

Firstly, we need to prove BC + CA + AB = 0-
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From the triangle law of vector addition, we have
AB + BC = AC

—_—

But, we know AC = —CA
= AB+BC = —CA

P

= AB+BC+CA=0

We know the cross product of two vectors 3 and , forming an angle 6 is

3 x b = |3]|b|sin 8 A

where f is a unit vector perpendicular to3 and i,

Here, all the vectors are coplanar. So, the unit vector perpendicular to3 and }; is same as that of j and ¢.
= |§||E| sinC = |¢||3| sinB

= |b|sinC = || sinB

= bsinC = csinB [~ |ﬁ| =band |A_B:| =]

b C
—————(ID)

sinB sinC

Consider equation (l) again.
Wehavez +b+¢=0

By taking cross product with 3, we get

bx(3+b+8)=bx0

=bx3+bxb+bxc=0[bx0=0]
—bxd3+0+bxé=0[-bxb=0]
=bx3a+bxt=0

=bxt=—(bx3)
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—

=bxé=3xb
= |b|[2lsinA = [3][b| sinc
= |¢|sinA = |3] sinC

= csinA = asinC [ |A_B:| = cand |ﬁf| = a]

C d

sinC sinA

— — — —(III)

a b c

From (ll) and (lll), we get

sinA sinB sinC

Thus, BC+ CA+AB =gand—_ — - __° in AABC.

sin A sin B ginC

21. Question

Ifg—1— g:i_ k. and h =2+ 3:]' _5k. then find 3 x b. Verify that ; and 5 « , are perpendicular to each
other.

Answer
Given3 —i—2j+3kandp = 21+ 3j— sk

Recall the cross product of two vectors3 — 3§+ a,j +a,k and b= b,i+b,j+bykis

ik
dxb=|a, a, a;
by by b,

I P k
=dxb=[1 -2 3
2 3 -5

= dx b = 1[(=2)(=5) - (3)(3)] - j[(1)(=5) — (2)(3)] + K[(1)(3) - (2)(~2)]

3xb=110—-9] —j[-5— 6] + kI3 + 4]

]

~@xb=1+11j+ 7k

—3

We need to prove 3 and 3 «  are perpendicular to each other.
We know that two vectors are perpendicular if their dot product is zero.

So, we will evaluate 3 (3 x b)-

3 (

=3.(3xb)=1i(i+115+ 7k) — 25. (1 + 115+ 7K) + 3k (i + 11j + 7k)

x b) = (i—2j+3k). (i + 11j + 7k)

wl

But, 1, jand Iz are mutually perpendicular.

—

d(@xb)=1-22+21

U

=3 (@xb)=0

Thusz«b =1+ 11j + 7k and it is perpendicular to 3.
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22. Question

If I_J and C_l are unit vectors forming an angle of 30°, find the area of the parallelogram having 3 = I_J + gfl

and b = 2 p+ g as its diagonals.

Answer

Given two unit vectorsj and g forming an angle of 30°.

We know the cross product of two vectors 3 and , forming an angle 6 is
3 x b = |3]|b|sin 8 A

where 7 is a unit vector perpendicular to 3 and p.

= p xq = |p|lq|sin 30° @

1x1 L f
X1x-X
7 X1

=P xq

o~

— — 1
~pXq=<i
pxq 2
Given two diagonals of parallelogramz = § + 2gand p — 20+
Recall the area of the parallelogram whose diagonals are given by the two vectors3z — a,i+a,j+ aaﬁ and
— 1= b
b =b,i+b,j+b,ykis[dxbl|

1
= Area =§|[ﬁ+ 249) x (2p+19)|

1
:Ama=§ﬁx@ﬁ+@+zax@ﬁ+@|

1—> — — — — — — —
=:-Area=5|p><2p+p><q+2q><2p+2q><qI
We have Gxp=gxg=0

1—> — — —
=:-Area=§|p><q+4(q><p)|

We have § x § = ~ (5 x )

1 - = — =
=:-Area=§|p><q+4[—(13><qm

1 - = — =
=:-Area=§|p><q—4(p><q)|

1 = =
=:-Area=§|—3(p><q)|

3 -, =
=:-Area=5|p><q|

But, we found ﬁ % fi = -fi.

b |

area =3y
= IEEI—Z 2Il

A 3 1|A|
= Area=_ X [0
2 2

fi is a unit vector = |fj| = 1
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. 3.1, 3
rea=5%3 4

. 3 .
Thus, area of the parallelogram ISZ square units.

23. Question

2 |d.4

b.

=)
(=g

For any two vectors 4 and {,_ prove that ‘5 xb

e
=g
o

Answer

Let the angle between vectors3 and j; be 6.

We know the cross product of two vectors 3 and , forming an angle 6 is
3 x b = |3||b|sin 6

where § is a unit vector perpendicular to 3 and E’

= [dx b| = [3][b]Isine| |5l

fi is a unit vector = |f| = 1

= |3x b| = [3]|b|Isin6] x 1

o |3 x E| = |§||E|5111E}

Now, consider the LHS of the given expression.

laxb| = (|3l[b|sin6)’
= |ax ET = |§1’|2|1_J)|2 sin® 6
But, we have sin?0 + cos?6 = 1

= [axb| = 1712[b| (1 - cos?6)

= [3xB| = 132[6[ - [312[6] cos?6
= [axb| = 1d12[b| = (I31[D] cos6)’

2

= |ixb| = @E3)(b.b) - (3.b)(ED)

= b.3 as dot product is commutative

.2 = = =1
|3 x b] =|§,i i‘E|
b.a b.b
2 = = =
Thus, |3 B| =|ga 3-1_1|
b.a b.b

24. Question

Get More Learning Materials Here : & m @\ www.studentbro.in



Define 4} and prove that ‘5 X 1_3| = (5.1_3)ta11 8. where 8 is the angle between 3 and p.

Answer
Cross Product: The vector or cross product of two non-zero vectors 3 and j, denoted by 3 x . is defined as
3 x b = |3]|b|sin 8 &

where 6 is the angle between3 and E 0=06=mn andij is a unit vector perpendicular to both 37 and E’ such that3
B’ and 7 form a right handed system.

We have 3 x b = [3]|bsin 6 i
= |dx b| = [3][b|Isin6] |4l
fi is a unit vector = || = 1

|3 % b| = |3][b||sinB] x 1

U

= |3 x b| = 131|b| sin®
But, we have the dot product of two vectors3 and j; forming an angle 6 as3.b = |3||b|cos 6
Now, we divide these two equations.

|3xb| B 131[b| sin®

ab  |3||b|cos 8

3ib cosB
EE
= —=—="tanb
a.b

- |axb| = (3b)tans

Thus, |3 x b| = (3.b) tan®

25. Question

If ‘5‘ = V’E.H: 7 and ‘5 « E|: 35. find 7 &,
Answer

Given [3] = V26 |E| = 7 and |§ ps E| =35

We know the cross product of two vectors 3 and ;; forming an angle 8 is
3 x b = |3]|b|sin 8 &

where 7 is a unit vector perpendicular to 3 and
= |3 x b| = [3]|b||sin6||5|v26

fi is a unit vector = |fj| = 1
=35=26x7xsin8x1

= 35 = 7\/265in8

= /26s5in8 =5
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5
V26

~ 8inB =

We also have the dot product of two vectors 3 and ; forming an angle 6 is

V26
- 25
=3db=7V26x [1——
v 26
iB=7VI6x |-
=3ab= X |—
v 26
. 1
ab=7V26x—==7
V26
Thus, 3 = 7
26. Question
Find the area of the triangle formed by O, A, B when QA =i +2j+3k. OB = -3i - 2j+ k.

Answer

Given DA =+ 2j + 3k and 0B = —3i— 2j + k are two adjacent sides of a triangle.

Recall the area of the triangle whose adjacent sides are given by the two vectorsz = 3, 1+ a,j + agﬁ and
— a1 g
b = b, 1+ b,j+byk is 5 [3 % b| where

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (1, 2, 3) and (b;, by, b3) = (-3, -2, 1)

-~

. . |t i k
=0Ax0B=|1 2 3
-3 -2 1
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= 04 x 0 = i[(2)(1) - (=2)(3)] = j[(D (1) - (-3)(3)]
+k[(1D(=2) - (=3)(2)]

= OA X 0B = i[2 + 6] —j[1 + 9] + k[-2 + 6]

- OA x OB = 8i — 10j + 4k

Recall the magnitude of the vector xi + yj + 7k is
i+ yf + zk| = /x2 + y2 + 22

Now, we find |ﬁ ., ﬁﬂ

|O& x 0B| = /8% + (—10)% + 42
= [0A x OB| = V64 + 100 + 16

= |ﬁxﬁi’|=\,’ﬁ=6\f§

= 3\-"3

_|ﬁ><ﬁ3)|_6\,"§
- 2 T2

Thus, area of the triangle is 3,/5 square units.
27. Question

Let g =j+4j+2k.b=3i-2j+7k and ¢ = 2j — j= 4k. Find a vector 4 which is perpendicular to both 5
and {y and ¢ .d =15.

Answer
Givenz =i+ 4j+ 2k b =31 — 2j+ 7k and & = 2i — j + 4k
We need to find a vector  perpendicular to 3 and i, such thatg 4 = 15.

Recall a vector that is perpendicular to two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

!

|
by by, by

i § Kk
=axb=1 4 2
3 -2 7

=3xDb =1[(4)7) - (2] —-il(D(7) — )] + k(1) (-2) — (3)(4)]
= 3xb=1[28+ 4] —j[7 — 6] + k[-2 — 12]

~3axb=321—]— 14k

So, {§ is a vector parallel to 3 x .

Let d — A3 x E’) for some scalar A.

= d=2A(321—j— 14k)

We have ¢z 4 = 15

1
= (21— +4k).[A(321 —§ — 14k)] = 15
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= A(2i -7 + 4k). (321 —j — 14k)] = 15
= A[(2)(32) + (-1)(-1) + (4)(-14)] = 15
> A(64 + 1-56) =15

=9\ =15

A 15 5
T 9 3

So, we haved = g (321 —j — 14k).

Thus, d =2 (321 —j — 14k)

28. Question

Find a unit vector perpendicular to each of the vectors 3 . { and 3 — 1, where 3 = 3{ + 2j~ 2k and
b=i+2j-2k.

Answer

Given3 — 3i+ 2j+ 2kandp =1+ 2j— 2k

We need to find the vector perpendicular to both the vectorsz 4 and3z —p.
F+b=(3i+2j+2k)+(i+2)—2k)

F+b=0GB+Di+(2+2)j+(2-2)k

U

~3+Db=4i+4

d—b=(31+2j+2k)—(i+2j—2k)

i-b=03-Di+(2-2)j+2+2k

]

~i—b=2i+4k

Recall a vector that is perpendicular to two vectors 3 = a, i+ a,j + a,k and b= b,i+b,j+bykis

I R A
El;Xb= al az ag
b, b, b

= (@+b)x(E-b)=|2 4 o
2 0 4

= (§+ l_::} x (d— 1_)))
=il(9®) - (0] -jl(HD® - @)(@] + k(4 (0) - ((4)]

= (+b)x (3—-b) =116 — 0] — j[16 — 0] + k[0 — 8]

Let the unit vector in the direction of (3 + b) x (3 — b) be p.

We know unit vector in the direction of a vector 3 is given by 3§ = %
a
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(3+b)x (3-D)
(3+b) x (3—b)]

=p= |

Recall the magnitude of the vector xj + yj + 7k is
- - Pl o3 171 o3

|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |(§+E) x (3 - E)|

|[G+b)x (A—b)| =162+ (—16)2 + (—8)2

= |(F+Db) x (3—b)| = V256 + 256 + 64
- |(3+8) x (3—5)| = V576 = 24

So, we have 5 _ (E+b)x(3-b)
' b= 24

(161 — 16§ — 8k)

Thus, the required unit vector that is perpendicular to both 3 and E is ; (2’1‘ —2j— R}

29. Question

Using vectors, find the area of the triangle with vertices A(2, 3, 5), B(3, 5, 8) and C(2, 7, 8).
Answer

Given three points A(2, 3, 5), B(3, 5, 8) and C(2, 7, 8) forming a triangle.

Let position vectors of the vertices A, B and C of AABC be3, ; and ¢ respectively.

A2, 3.5)
(@)

B (3,5, 8)
(2)
We know position vector of a point (x, y, z) is given by xj + yj + 7k, whereji, jand |z are unit vectors along X, Y
and Z directions.

=3=(2)i+(3)j+ (5)k

Similarly, we have} — 37 + 5§+ sk and ¢ = 2i + 7j + 8k
To find area of AABC, we need to find at least two sides of the triangle. So, we will find vectorsag and Ac-

Recall the vector AR is given by

AB = position vector of B — position vector of A
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=
b—3a

%l

=
= AB = (31 + 5] + 8k) — (21 + 3j + 5Kk)

= AB=(3-2)i+(5-3)j+ (8—5)k

~AB =1+2j+3k

Similarly, the vector A¢ is given by

AC = position vector of C — position vector of A

—+ —
c—a

U
5l Bl
Il

U

(21 + 7§ + 8Kk) — (21 + 3§ + 5k)
=>AC=(2-2)i+(7-3)j+ (8- 5k
~ AC = 4j + 3k

Recall the area of the triangle whose adjacent sides are given by the two vectorsz = 3. 1+ a,j + agﬁ and
— a1 g
b = b, 1+ b,j+ byk is S [3 % b| where

Here, we have (aj, ay, a3) = (1, 2, 3) and (b, by, b3) = (0, 4, 3)

|tk
=ABXAC=|1 2 3
0 4 3

= AB x AC =1[(2)(3) - () (3)] - jl(1)(3) — (0)(3)] + k[(1) (4) — (0)(2)]
= AB x AC =i[6 — 12] — j[3 — 0] + k[4 — 0]

» AB x AC = —6i — 3] + 4k

Recall the magnitude of the vector xj + yj + 7k is

i+ yi+ k| = Iy T 22

Now, we find |ﬁ X R’|

|AB x AC| = \/(—6)2 + (—3)% + 42
= |[ABxAC| = V36 +9 + 16
= |ﬁ><ﬁ| = \,ﬂ

_|EXE|_\,E
” 2 )

Thus, area of the triangle is ¥%! square units.
2

30. Question

Ifa=2i-3j+k.b=-i+k.c=2j-k are three vectors, find the area of the parallelogram having diagonals
{5+E} and (1_3+E)

Answer
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Giveng —2i—3j+kb=—1+kandé=2j -k
We need to find area of the parallelogram with vectorsz 4 j; and j; 4 ¢ as diagonals.
d+b=(20-3j+k)+(-i+k)

=3+b=(2-Di+(-3)j+(1+ Dk

b+¢=(—Di+(2)j+(1-Dk

U

~b+e=—i+2§

Recall the area of the parallelogram whose diagonals are given by the two vectors3 = 3,1+ a,j + aaﬁ and
— ~ 1= -3

b =b,i+Db,j+b,kis[3xb| where

I R A
El;Xb= al az ag
by by b;

Here, we have (a1, a3, a3) = (1, -3, 2) and (b, by, b3) = (-1, 2, 0)

-~

i ]k
= @E+b)x(b+8)=|1 -3 2
-1 2 0

—3

= 1[(=3)(0) — (2)(2)] -jl(1)(0) — (=1)(2)]
+k[(D(2) - (=1 (=3)]

= (F+Db)x(b+2) =10—4] —j[0+2] +k[2 — 3]
~(d+b)x(b+2)=—4i-2—k

Recall the magnitude of the vector xi + yj + 7k is
Ki+yj+2k| = (2T y2 ¥ 22

Now, we find (3 + 1) x (b +©)|-

[G+b)x (b+8)| =/(—2)2+ (—2)2+ (-1)?

= |GE+b)x(b+?)|=vie+4+1
S |G+B) x(B+7)| = VA

Thus, area of the parallelogram is ¥2! square units.
2

31. Question

The two adjacent sides of a parallelogram are 2 | — 4j~ 5k and j — 2j— 3k. Find the unit vector parallel to
one of its diagonals. Also, find its area.

Answer

Let ABCD be a parallelogram with sides AB and AC given.
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We have AB — 21 — 4j + 5k and BC = 1 — 2§ — 3k

A 21 — 4 + 5k B

We need to find unit vector parallel to diagonal A¢C.
From the triangle law of vector addition, we have
AC = AB + BC

= AC = (21— 4j +5Kk) + (i—2j— 3k)
SAC=(2+Di+(—4-2)j+(5-3)k
~AC=31— 6]+ 2k

Let the unit vector in the direction of A¢ be p-

We know unit vector in the direction of a vector 3 is given by 3 = %
a

_ AC
== =T
¥~ ad]

Recall the magnitude of the vector xj + yj + 7k is
- - Pl o3 171 o3
|xi+ yj + zk| = Jx2 +y2 + 22

Now, we find |R|

[AC| = /32 + (—6)2 + 22
= |AC| = V9 +36 +4
- [AC| =v49 =7

So, we have g _ AC
p T

1, . -
= p=-(31—6j+2k)
Thus, the required unit vector that is parallel to diaonal A¢ is % (31 — 6§ + 2k).

Now, we have to find the area of parallelogram ABCD.

Recall the area of the parallelogram whose adjacent sides are given by the two vectorsz — 3 i+ a,j +a,k
and § = b,i+b,j+ b,k is |3 x b| where

. i j k
dxb=|a, a, a;
by by b,

Here, we have (a1, a3, a3) = (2, -4, 5) and (by, by, b3) = (1, -2, -3)
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. . |t 1 Kk
=ABxBC=|2 —4 5
1 -2 -3

= AB x BC = i[(-4)(=3) — (=2)(5)] = j[(2)(-3) = (1)(5)]
+k[(2)(=2) - (1)(=4)]

= AB x BC =1i[12 + 10] — j[-6 — 5] + k[—4 + 4]

~ AB x BC = 22 + 11j

Recall the magnitude of the vector xj + yj + 7k is

Ki+yj+2k| = (2T y2 ¥ 22

Now, we find |ﬁ X ﬁﬂ

A x BC| = yZ22 + 112 7 02

— |AB x BC| = V484 ¥ 121

|E>< ﬁfl =605 = 115

Thus, area of the parallelogram is 11./5 square units.

32. Question

If either 5 _ g or p =, then 3« b = 0. Is the converse true? Justify your answer with an example.
Answer

We know 3 x [ = g if eitherz =g orpy = .

To verify if the converse is true, we suppose 3« b = §

We know the cross product of two vectors 3 and ;; forming an angle 8 is
3 x b = |3]|b|sin 8 &

where i is a unit vector perpendicular to 3 and .

So, if3 x b = §. We have at least one of the following true -

(@l|al=o0

(b) [5] = 0

(c) |3 =o0and [b| =0

(d) 3 is parallel to},

The first three possibilities mean that eitherz — § or — g or both of them are true.

However, there is another possibility that 3 » i, — § when the two vectors are parallel. Thus, the converse is
not true.

We will justify this using an example.
Giveng =i+ 3j—2kandp = 23 = 2i + 6j — 4k

Recall the cross product of two vectors3 — 3, i+ a,j +a,k and b= b,i+b,j+bykis
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i ]k
=dxb=|1 3 -2
2 6 —4

= 3x b =1[(3)(—4) — (6)(—2)] - J[(1)(—4) — (2) (—2)] + K[(1)(6) — (2)(3)]

Axb=i[-12 + 12] —j[-4 + 4] + k[6 — 6]

U

~ixb=0i—0j+0k=0

[t

Hence, we have3 «, — g even when3 =g andp = g

Thus, the converse of the given statement is not true.

33. Question

Ifa=ai+a,j+a,k.b=b,i+b,j+byk and c=¢i+c,j+c,k. then verifythataz(E+E):5><I_J+5><E.
Answer

Givenz = a,i+a,j+ azsk' b =b,i+b,j+byk aNd € = ¢,i+ ¢, + ¢k

We need to verifythatgx(E+E)=§x§+§xﬁ

b+ = (byi+ byj+ byk) + (cyi+ cof + c5k)

2b+E=(by+c)i+ (by+c,)j+ (bs+cy)k

First, we will find3 x (b + 2)-

Recall the cross product of two vectors3 — 3, i+ a,j +a,k and b= b,i+b,j+bykis

-

| &
dxb=|a, a, a;

. i j k
=ax(b+?) =| a, a, a,

b, +¢; by+c, byt

=3 X (E)—i- 3)

[(a;)(bs + c3) — (by + c;)(a5)]
n[[:al)[:ba +c3) — (by + cy)(as)]
+k[(a;) (b, + ;) — (by + ¢;)(a,)]

=1
-1

= 1(32 bs +a,03 —bya; — cza3) — j(agb; +a;63 — byag — ¢ja;)

Now, we will find 3 x b-

-~

|17k
We havea’xbz al az aa
by by b,
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=dixb= il(az)(bs) — (bz)(a;)] —jl(a;) (bs) — (by)(az)]
+k[(a;)(by) — (by)(az)]

~dxb= i(a;b; — byag) —j(asb; — byag) + k(a;b, — bya,)

Finally, we will find3 x ¢.

i ] k
We haVeaxE: al az aa
Cp Gz G3

=>dx = T[(azﬁ)(ca)_ (cz)(az)] —il(a;)(cz) — (cy)(as)]
+k[(a;)(cy) — (cy)(az)]

=X € =1(ayc;3 — c;a5) — j(a, 05 — ¢;a5) + k(a ¢, — ¢;a,)

= :1:[:32 bs +a,¢5 —byaz — c;35) —j(asbs +a;¢3 — byaz — ¢ja;)

Observe that that RHS of both3 x (E’ +g)andg x b+ 3 x ¢ are the same.

Thus,3x (b+¢) =ixb+3x¢

34 A. Question

Using vectors, find the area of the triangle with vertices

A(1, 1, 2), B(2, 3,5) and C(1, 5, 5)

Answer

Given three points A(1, 1, 2), B(2, 3, 5) and C(1, 5, 5) forming a triangle.

Let position vectors of the vertices A, B and C of AABC be3, i and ¢ respectively.

A(1,1,2)
(@

_=-=" Cc(1.55)
- @

B (2 3,5)
()

We know position vector of a point (x, y, z) is given by xj + yj + zk wherej, j and f are unit vectors along X, Y
and Z directions.

=3=(Di+(Dj+(2)k

~i=1+j+2k
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Similarly, we havep = 21 + 3j+ 5k and & =1 + 5) + 5k
To find area of AABC, we need to find at least two sides of the triangle. So, we will find vectorsag and Ac.

Recall the vector AR is given by

AB = position vector of B — position vector of A
= AB=b-3

= AB = (20 +3j +5k) — (1 +] + 2k)
SAB=(2-1i+(B-Dj+(5-2k

~AB =1+2j+3k

Similarly, the vector ac is given by

AC = position vector of C — position vector of A

—+ —
c—a

U

&l 3l

(1+ 5] +5k) — (1+7+2k)

U

SAC=(1-1Di+(5-1j+ (5- 2k
~AC = 4j + 3k

Recall the area of the triangle whose adjacent sides are given by the two vectorsz — 3.1+ a,j + agf{ and
— 1 o
b = b, i+ b,j+ b,k is 5[ x b| where

I R A
El;Xb= al az ag
b, b, b

Here, we have (a1, a3, a3) = (1, 2, 3) and (b, by, b3) = (0, 4, 3)

o ik
=ABxAC=|1 2 3
0 4 3

= AB x AC = 1[(2)(3) — (9 (3)] - J[(1)(3) — (0)(3)] + K[(1)(4) — (0)(2)]
= AB x AC =i[6 — 12] — j[3 — 0] + k[4 — 0]

» AB X AC = —6i — 3j + 4k

Recall the magnitude of the vector xj + Vi + 7l is

i+ yi+ 2k| = REFy2 ¥ 22

Now, we find |ﬁ X R’|

|AB x AC| = \/(—6)Z + (—3)% + 42
= |[ABxAC| = V36 +9 + 16

= |ﬁ><ﬁ| = \,ﬂ

_|EXE|_\,E
- 2 T2

V61

Thus, area of the triangle is square units.
2
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34 B. Question

Using vectors, find the area of the triangle with vertices

A(1, 2, 3), B(2, -1, 4) and C(4, 5, -1)

Answer

Given three points A(1, 2, 3), B(2, -1, 4) and C(4, 5, -1) forming a triangle.

Let position vectors of the vertices A, B and C of AABC be3, [; and ¢ respectively.

A(1,23)
(@)

B(2 -1,4)

(b)
We know position vector of a point (x, y, z) is given by xj + yj + zk wheref, j and f are unit vectors along X, Y
and Z directions.
=3a=(Di+@j+(3)k

~3=1+2j+3k
Similarly, we havely = 27 —j+ 4k and Z = 41 + 5] — &k
To find area of AABC, we need to find at least two sides of the triangle. So, we will find vectorsag and Ac.

Recall the vector AR is given by

AB = position vector of B — position vector of A
=AB=b-3

= AB=(2i—j+4k) — (1+2j+3k)
SAB=(2-1)i+(-1-2)j+(4-3)k
~AB=1-3j+k

Similarly, the vector ac is given by

AC = position vector of C — position vector of A

= —=
= c—a4a

&l Bl

= (41 + 5§ —k) — (1 + 2]+ 3k)

SAC=(4-1Di+(5-2)j+(-1-3)k

» AC = 3j +3j — 4k

Recall the area of the triangle whose adjacent sides are given by the two vectorsz — 3.1+ a,j + agf{ and
b = byi+b,j+ b,k is 5|3 x b| where
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I R A
by by b;

Here, we have (a1, a5, a3) = (1, -3, 1) and (b, by, b3) = (3, 3, -4)

-~

. ]t 7k
=2ABxAC=|[1 -3 1
3 3 —4

= AB x AC = 1[(—3)(—4) — (3)(D] = [(1(—4) - (3)(1)]
+k[(1)(3) - (3)(-3)]

= AB x AC =1i[12 — 3] — j[-4 — 3] + k[3 + 9]

» AB x AC = 91 + 7j + 12k

Recall the magnitude of the vector xj + yj + 7k is
Ki+yj+ K| = JRET Y2 22

Now, we find |ﬁxﬂ;’|

[AB x AC| = JoT 1 72 5 122

= |[ABx AC| = VBT + 49 + 142

= |ﬁ><ﬁ| = \.’ﬁ

_|ﬁ><ﬁ|_\,"ﬁ
- 2 T2

V274

Thus, area of the triangle is square units.

35. Question

Find all vectors of magnitude 10\E that are perpendicular to the plane of { ~ 2j -k and —_j - 3j~ 4k,

Answer
Given two vectors3 =i+ 2j+ kandp = —i + 3§ + 4k
We need to find vectors of magnitude 10,/3 perpendicular to 3 and .

Recall a vector that is perpendicular to two vectors3 — a,i+ a,j + a,k and p = b,i+b,j+bykis

= 3x Db =1[(2)(4) - )W -l — (VW] +k[(1)(3) - (~1)(2)]

ixb=1i[8—3] —j[4+1] +k[3 + 2]

U

~3xb=5i— 5]+ 5k

Let the unit vector in the direction of3  j be p.
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We know unit vector in the direction of a vector 3 is given by 3§ = %
a

asl
o'l

X

=p=

=l
=1

Recall the magnitude of the vector xj + yj + 7k is

X

xi+yj+k|= JEFEE
| =

Now, we find |3 x b.

|3xb| = /52 + (=5)2 + 52
= [axb| = v25 + 25 + 25

|§ X l_::l =vV75=53

So, we have § = axb

=

R S
=:-p=5\.—!§(51—5]+5k)
1 "
i5e L4k

p=7(-7+k)

So, a vector of magnitude 10,/3 in the direction of 5 « 1 is

1 -
10V3p = 10V3 x —3('1‘—]‘+ k)
v

= 10V3p= 10— +k)
- 10v/3p = 10i — 10f + 10k

Observe that —10‘»@? is also a unit vector perpendicular to the same plane. This vector is along the direction
opposite to the direction of vector 10,/3-

Thus, the vectors of magnitude 10,/3 that are perpendicular to plane of both3 and j are i[lOT —10j + 10&).

36. Question

The two adjacent sides of a parallelogram are 2 — 4j — 5k and 2{ - 2j = 3k - Find the two unit vectors
parallel to its diagonals. Using the diagonal vectors, find the area of the parallelogram.

Answer

2i = 45 = 5k

We need to find a unit vector parallel to AC.

Now from the Parallel law of vector Addition, we know that,
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AB + BC = AC

Therefore,

Al
I

2i—4j-5k+(2i+3j+3k)

—

Al
I

4i—j—2k
Now we need to find the unit vector parallel to A¢

Any unit vector is given by,

=
| =1

1

=1

=

Therefore, AC = %

|AC| = @2+ (D2 + (2)2

|AC| = v21
it 4i—-j-2k
-

Now, we need to find Area of parallelogram. From the figure above it can be easily found by the cross
product of adjacent sides.

Therefore, Area of Parallelogram = |AE x BC|

1 dz  az

a
b; b, b;
Here, we have,

(al, ay, a3) = (2, -4, -5) and (bl' b2, b3) = (2, 3, 3)

-~

O PR B
=B x(BO=[2 —4 -5
2 3 2

AB xBC=1(-8+15)—j(4+10) +k(6+ 8)

AB xBC=7i-14j+ 14k

|AB x BC| = \/(7)Z+ (14)2 + (14)2
|AB x BC| =21
Area of Parallelogram = 21 sq units.

37. Question

2 —
a

— — R —_
If ‘axb_ +‘a_b — 400 and |a|= 5. then write the value of ‘b‘

Answer
Given |3 b|” + [3.b| = 400 and [3] = 5

We know the dot product of two vectors 3 and E forming an angle 0 is
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a.b = [d]|b|cos®

= |3.b| = 131[b||cos 8]

|§.E| = 5|E||c059|

We also know the cross product of two vectors 3 and ; forming an angle 8 is
3 x b = |3]|b|sin 8 &

where 7 is a unit vector perpendicular to 3 and
= [dx b| = [3][b|Isin6|[4]

fi is a unit vector = |fi| = 1

- |3 x E| = 5|E||Sillﬂ|

We have |3 b|” + [3.5| = 400

= (5[b|sin6)" + (5]b|lcos8])” = 400

= 25[b| |sin6]2 + 25[b| |cos6I? = 400

= 25|B’|2(|sme|2 + |cos02) = 400

= 25|E|2(51112 B + cos?6) = 400

But, we know sin8 + cos?0 = 1

—, 2
= 25[b| =400

2
= |b| =16

- |b] =vi6 =4
Thus, |E| =4

Very short answer

1. Question

Define vector product of two vectors.
Answer

Definition: VECTOR PRODUCT: When multiplication of two vectors yields another vector then it is called
vector product of two vectors.

D

Example:

Figure 1: Vector Product
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¢=3xb=|3||b|sin6 i
[where fi is a unit vector perpendicular to the plane containing 3 and p(referred to the figure provided)]

2. Question

LY

Write the value (i xj) k+i-].
Answer

(ix§)-k+i-j=1.

We know, i, j and k are 3 unit vectors along x, y and z axis whose magnitudes are unity.
ixj=illj|sin90%d

[where fi is a unit vector perpendicular to the plane containing i and jl

=1x1x1xk

=k [here fiis k, as k is perpendicular to both i and {]

And, i-j = |i||jlcos90° = 0.

So, (ix{)-k+i-j

=k-k+0

= |k||k|cos0°

= 1 [ is an unit vector].

3. Question

Write the value of ; (]xf{)+3 (1%><1)+12 (j xi)

Answer

- (fxk)+j- (kx)+k(xD=1.

We know, i, j and kk are 3 unit vectors along x, y and z axis whose magnitudes are unity.
We have,

i x k = [jI[k|sin90° = 1,

k x 1= |K||i|sin90% and

i x1=|jllilsing0°(-k) = -k

And, i-1 = |i||i]cos0° = 1,

-7 =jlljlcos90° = 1 and

pa—

k (—k) = |k||k|cos180° = —1.
21 ((xk)+7- (kxi)+k(GxD
=i-1+j-]+k(-k)
=1+1+(-1)

=1.
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4. Question
Write the value ofi(]xli;)+j(12;xi)+12(1x])
Answer

1-(Gxk)+7 - (kxi)+k-(Ix7

3.

We know, i, j and k are 3 unit vectors along x, y and z axis whose magnitudes are unity.

+§x k = [j|[k|sin90°%1 =1,

k x 1= |k||i|sin90° and

ixj = [illjlsin90°%k = k

And, 1.1 = |i]|i]cos0° = 1,

-7 = [illjlcos0® = 1 and

k- & = [K||&|cos0° = 1.

21 (fxk)+7-(kxi)+k-(Ix{)

=1-1+j-J+k-k

=1+1+1

=3

5. Question

Write the value ofix(j+1})+jx(ﬁ +I)+Ex(;+3)
Answer

We know, i, j and kk are 3 unit vectors along x, y and z axis whose magnitudes are unity.
We have, 1 x (j + k) = |i]|j|sin90°k + |1]|k|sin90°(—}) = k — 3,
i x (k+1) = |jl|k|sin90° + |j]|i|sin90°(—k) = 1 — k and
kx (1+7) = |[k|[i]sin90°% + |k]|j|sin90°(-D)+=7 — 1.
AAx((+R)+ix (R+1)+kx(i+7)
=k—j+i-k+j-1

=0

6. Question

Write the expression for the area of the parallelogram having 3 and E as its diagonals.
Answer

1l|— "N
Area of parallelogram = 3 |a x b|
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Figure 2: Parallelogram

~(Ex¥)=0,(x¥)=0and (¥ x%) = —(X x §)]

—
P’

—

Now, we know, area of parallelogram = |X x ¥|.

So, Area of parallelogram = |§1’ X ﬁ| [ Iixbh= 2(X x ?)]

[

7. Question

- =12 =0 , ,
For any two vectors 3and {, write the value of (5 .b) +laxb |2 in terms of their magnitudes.

Answer

(3-B) +[axb| = (&IBD>

We know, 3-b = [3]|b| cos 8

and 3 x b = [3|[b|sin 6.

So, (3-b) + [Axb|

= (1dl[B] cos)” + |1l sin®|

= ([31[b])"(cos?6 + sin®6)

= (J3I[p])" [+ (cos?@ +sin6) = 1]
8. Question

V2

If gand B are two vectors of magnitudes 3 and Y= respectively such that 3 xB is a unit vector. Write the
3
angle between 3 and .

Answer

Angle between 3 and b — 45° .

Given, [3] = 3, |E| - ‘;
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Also given, 3 x b is a unit vector

=}

i.e.ixb=1-

i x b = |3]|b| sin®

V2o
SxszmE}

V2 xsinf =1

=2 xsinB=1

. 1
= 35inf = —
V2

=0 = sin! (Tl_) =45
V2

~Angle between 3 and p — 45°

9. Question

If |3|=10.|b|=2 and |axb|=16,and 3.p-

Answer

i-b=12-

Given, |3 = 10,[b| = 2and 3 x b = 16

=3 xb=|3]|b|sin6 = 10 x 2 x sin® = 20 x sin 6 = 16

= 20 x sinB = 16

- 16 4
— 51n —20—5
42
cosf@ = 1—(—)
5
) 16
25
25— 16
N 25
9
- .25
3
5
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10. Question

—_

For any two vectors 3 and {,, find @ ( x?i).

Answer

i-(bxd)=0.

We know,

(b x ) is perpendicular to both 3 and p.

So,3-(bx3) =01["3and (b x 3) are perpendicular to each other]
11. Question

If 3 and E are two vectors such that | E xa|= \E and 3. E — 1, find the angle between.
Answer

The angle between 3 and  is 60° .

We have, |b x3| =y3and3-b = 1.

« | x | = [B][3]SIn0 = V3 ccorerrerrienins (1)

and3-b = |§||§|c058=1 ....................... (2)

Dividing equation (1) by equation (2),

[bliElsine 5 _ 5
3|[b|cos® 1 -

= tan8 = /3

=0 =tan"1V3 =60

. The angle between 3 and j is 60 .

12. Question

For any three vectors 3.} and ¢ write the value of 3 x [§+ &)+ bx (Z+3)+¢Ex 3+ E) )
Answer

ix(b+8)+bx(€+3)+cx(3+Db) =0

x(b+28)+bx(€+3) +cx(3+D)

Wl

—

(Axb)+@Ex)+(bxd)+(bx3)+(Ex3)+(ExDb)

Il
sl
b4
o'l

)—(Ex§)+[gx E)—[ﬁxg)+(ﬁx§)—[gxﬁ)

0

13. Question
For any two vectors 3§ and E , find (ﬁ xﬁ) b.
Answer

(E{xg)-l_::=0
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We know, (5’ X E) is perpendicular to both 3 and §.
So, (@ x ﬁ) b =01 and (3 x E) are perpendicular to each other]

14. Question

P P

Write the value of 1 x(Jxk).

ix(jxk)=1x1=illisin0° = 0.

15. Question

If 7 =3 _3_31;- and b = 21—]—L then find [ﬁxﬁ)ﬁ
Answer

NOTE: The product of (5’ % E) and 3 is not mentioned here.
(Axb)-3=0and (@xb)x 3= 19+ 17 — 20k -

We know, i, j and kk are 3 unit vectors along x, y and z axis whose magnitudes are unity.

— -~

Given, 3 = 3i —j+ 2k and =2i+j-k

=

=

~(@xb)-3=[(31—j+2k) x (21 +j—K)]- (31 -]+ 2k)
=(-1+7j+5k)- (31— j+ 2k)

=-3-7+10

=0.

“FOR CROSS PRODUCT”

~(@xb)x3=[(31—j+2k) x (21 +] - k)] x (31 —j+ 2k)
=(—1+7+5k) x (31 —j + 2k)

=191+ 17j — 20k -

16. Question

Write a unit vector perpendicular to 1 _jand:]' _L
Answer

We know that cross product of two vectors gives us a vector which is perpendicular to both the vectors.

Let M =i+ jand N = j + k andg be the vector perpendicular to vectors jfand .

O0=MxN=|M, M, M,
Ny N, N;

= (Mzwa - MaNz)f_ (M:LNE - MaN:L)j+ (MlNE - *il“ler""r:L)E

Inserting the given values we get,
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j k
11 0
01 1

=3

5:

—(1x1-0x1)i—-(1x1-0x0)j+(1x1—-1x0)k

=(1-0)i+ (1-0)j+(1—-0)k

-~

—j+k

—

Now, as we know unit vector can be obtained by dividing the given vector by its magnitude.

Sl

=i—j+kand|f]= y1IZ+(-1)Z2+12= V3

|f':|

Unit vector in the direction of 0 =

ar

|
~.Desired unit vector is% (i—j+ F?t)
7

17. Question
- -2 _ -
f|axb|? +(a-b) " =144 and |a[=4, find |p|.

[Correction in the Question - (g. b)~2should be (&.5)2 or else it's not possible to find the value|p).]

Answer

We know that,

(@ x E_;:) = |d||b|sine — (1)

[d’.g) = |d@||D|cos@ = (2)

Now,

|d@ % B|? + (@.b)% = 144

|@|2|B|2sin?6 + |d|2|b|2cos?6 = 144 — From (1) and (2)
|d)? IE_::|2 (sin’8 + cos?6) = 144

|@|2|B|? = 144 — sin?6 + cos?0 = 1
- 2
42 x |b| = 144

2
16 x |b| =144

|—>|2_144_9
_E_

b= 3

18. Question

If = xi+ }.-j' + 7k, then write the value of | ¥ x i -
Answer

So we have ¥ = xi+yj+ zkand i, in order to find |F x i|> we need to work out the problem by finding cross
product through determinant.
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i j k
rxi= n o T
1 0 0
= (X0 —1x0)i—(rpx0—1yx1)j+yx0—r x 1k
i j ok R
Fxi=|x y z[=@x0-zx0)i-(xx0-zx1)j+(xx0-yxDk
1 0 0

=0i+zj— yﬁ = zj—yf%*(l)

Now then,

|7 x il = Jz2+ (—y)2 = Jz2+ y?> From (1)
|7 xi|? = 2% + y?
19. Question

If 7and {, are unit vectors such that 3 1, is also a unit vector, find the angle between 3 and f, .

Answer

Let’'s see what all things we know from the given question.
ld = 1,|b| = 1 and |@ x b| = 1 - Unit Vectors

Also, |@ x b| = |d||b|sing

1 =(1)(1) sin®

sin6=1

6 ==
2

20. Question

If 3 and E are two vectors such that | 3. E |=|ax E |, write the angle between 3 and E .

Answer

Equations we already have -
|@.b| = |a@||b||coss] - (1)

|d x b| = |d||b||sins] - (2)

Now,
|dx b| = |@.b| = (Given)
|d’||3||s£nﬂ| = |E||5||cosﬂ| - (1and?2)

sin ® = cos 6
5 T
T4

21. Question
2

If 3 and {, are unit vectors, then write the value of | 3 x b| 2 + (5 xE)

Answer

Get More Learning Materials Here : & m @\ www.studentbro.in



Let’'s have a look at everything we have before proceeding to solve the question.
|d] = 1 and |3| — 1 - Given (Unit Vectors)

(@ xb) = |d||b|sin6

(d.B) = |dl||b| cos®

Now then,

|d % B|? + (@ x b)?

— (|d||b|sin8)? + (|d]|b|sing)>

= |d’|2|5|zs£nz& + |E|2|3|2s£?128

= 2|@|2|b|%sin%8

= 2(1)(1)sin%0

= 2 sin%@

In case, the question asks for | x 3|2 + (d. 3)2
= (|dl|b|sin6)> + (|d|||cos8)

= |ti’|2|E_::|zsi1r12.':i| + |ﬁ:’|2|3|zcoszﬂ

= Id’|2|3|2(s£nzﬂ + cos?8)

= 1d@?B|?

=(1)(1)

=1

22. Question

If 3 is a unit vector such that 3 x :J find 7.5-

Answer

We know that »

ixj=k—(1)
jxk=1-(2)
kxi=j—(3)

ij=ik=jk=0 - (4

T xi=kxi- Givenand (3)

On comparing LHS and RHS we get :
d= k- (5

d.i=k.i- From (5)

d.i=0- From (4)
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23. Question
If ¢ is a unit vector perpendicular to the vectors gand B , write another unit vector perpendicular to ﬁandE .

Answer

We know that cross product of two vectors gives us a vector which is perpendicular to both the vectors. And
keeping in mind that ¢ is a Unit vector we get the equation -

iigl = ¢ - (Vector divided its magnitude gives unit vector)
a

bxd S . . . .

@xB] —c ~ —c is perpendicular to @ and p

Thus, —¢ is another unit vector perpendicular to g gnd 3

Alternative Solution -

Since ¢ is perpendicular to g gnd 3 any unit vector parallel/anti-parallel to ¢ will be perpendicular to § gnd 3
24. Question

Find the angle between two vectors 3 and B with magnitudes 1 and 2 respectively and when | 3 XB |:\E

Answer

|d x b| = |d||b||sing|
V3 =1x2xsind
Sin = '

2
sing= =

3
25. Question

Vectors 3 and B are such that la|= \E| B |= and (ﬁ % B] is a unit vector. Write the angle between 3and

| b

—_

b-
Answer

Let’s have a look at everything given in the problem.

ldl = V3
= 2
|b|=§
ldxb| =1

We can use the basic cross product formula to solve the question -

|d x b| = |al|b|sing

2
1= \,@xgxﬂnﬂ
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g 3 1 3 1 43
Sinf =-X—==-X =X—=
2 43 2 3 43
=
V3
singd = —
2
P T
3

26. Question
Find A, if 21+ 6]+ 14k ) x (1 -2+ 7k) =0.
Answer
We need to solve the problem by finding cross product through determinant.
Let M = 2i + 6] + 14k and N = i — Aj + 7k, also M x N = 0 (Given)
I Y B
MxN= M, M, M,
Ny N, N;
= (Mzwa - MaNz)f_ (M:LNE - MaN:L)j+ (MlNE - *il“ler""r:L)E

Inserting the given values we get,

-~

O L
0=12 6 14
1 -1 7

—(6x7—(14x—-D)i— (2x7-14x1j+((2x—1)—6x Dk
(42 + 1407 — 0j + (24 —6)k = 0f + 0j + Ok
On comparing LHS and RHS we get,
42+14A=0 and-2A-6=0
14A= -42and-2A=6
A= -3andA=-3

27. Question

Write the value of the area of the parallelogram determined by the vectors 2} and 3J
Answer

Area of the parallelogram is give by |@ x b|

Let, @ = 2i and b = 3j

Area = |d x b|

-~

i j k i j ok
=la; a, az(=1(2 0 0

=(0-0)i—(0—-0)j+(6—-0)k
=6k = 6|k| = 6(1) - (k is an unit vector)

= 6 5g. units.

Get More Learning Materials Here : & m @\ www.studentbro.in



28. Question

P s "

Write the value of (1><J)1{ —|—(j—|—k)-j.

Answer

We know that,

=k.k+j.j+ k.j- (From1)

= 1+1+4+0 - (From 4 and 5)

=2

29. Question

Find a vector of magnitude ﬁ which is perpendicular to both of the vectors 3 = 1 1 2}— 31;- and
b=3i—j+2k-

Answer

We know that cross product of two vectors gives us a vector which is perpendicular to both the vectors. If we
can find an unit vector

perpendicular to the given vectors, we can easily get the answer by multiplying /171 te the unit vector.
Unit vectors perpendicular to the given vectors = + %
a

Now,

= (ayb; — azb,)i— (a;b;—azby)j+ (a;b, —a, bl)E

Ry

>

ol

[l

=
i

=
[2%]

=
(%]

2y

x
o

Il

W= o=

]

I
[#5]

-1 2
=(2x2—-(3x-1))i—(1x2—-(-3x3))j
+((1x—-1)—2x3)k

Axb=1—11j— 7k

| d b

dxb|= J12+(-11)2+ (-7)2= V171

i—11j-7k

"~ Unit vectors perpendicular to ¢ and b = + =
Ny

Vectors of magnitude /171 which are perpendicular to d@ and b

Get More Learning Materials Here : & m @\ www.studentbro.in



i—11j—7k

V171

171 x + +(i— 11j — 7k)

30. Question
Write the number of vectors of unit length perpendicular to both the vectors 7 = 2 + _] L2k and p = _] Lk

Answer

As we know, for vectors @ and B unit vectors perpendicular to them is give by if_—za
a

Unit vector can be 1 either in positive or negative direction.

Hence, the number of vectors of unit length perpendicular to both the vectorsg = 2§ +j+ 2k and b = j+ kis
2.

31. Question
Write the angle between the vectors 7 1, and 7 « [ -
Answer

Given question gives us two same vectors so the angle is0°.

In case, it asks write the angle between the vectors g % band b % i -

The angle between the vectors will be 180° as they are equal in magnitude and opposite in direction.
MCQ
1. Question

Mark the correct alternative in each of the following:
T, a2 , .2

If 3 is any vector, then (5x1)'_(§xj) _(ﬁxk) -

4

A.

o)
| ]

w
()
=)

(3]

C.

fad
=1

(=]

D. 43
Answer

-

) S
axi= a, a, Qg
1 0 0

) i ] k
axj=la, a, as
0 1 0
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|Gk

axlk= a, a, das
0 0 1

a,i—a,j

(&Xk)2=ﬂ,12+ﬂ',22 .-.j‘.EZO
a2 ny 2 2

(ﬁxj) _(ﬁxj) _(ﬁxk) —a2+ a2+ a2+ a2 +a,2+a,?
=72

=2a°

(B)
2. Question

Mark the correct alternative in each of the following:

If 7.p=3.cand axb=axc,a=0, then
A b=t

B.b=0

Ch+c=0

D. None of these

Answer
a-b=a-c
ab—ad.c

—

a(b—2)=0..(1)

.
dxb=dxc
—
Axb—adxc=0
—
dx(b-¢)=0

Let Q be the angle between @ and b — ¢
|d||b — €| sinQ = 0 ...(2)
Out of the four options the only option that satisfies both (1) and (2) is

=0

Cuyp

5’_
b=¢c ®
3. Question

Mark the correct alternative in each of the following:

The vector { — 3] = 4f is to be written as sum of a vector G parallel to 3 = j _:i and a vector B
perpendicular to 3. Then g =
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o)
[l
| k]
f
—

@+

=
Il

Let @ = ai + bj + ck

Since d||a

@=vyd

ai + bj+ ck = y(i+))
a=yi+yj

ﬁ=3—a
=(3—p)i—yj+4k

Since B is perpendicular to a
apg=0

3-y-y=0

J’=E

. a =§(f+j) (A)
4. Question

Mark the correct alternative in each of the following:

e

The unit vector perpendicular to the plane passing through points P(; —j + 21:;) Q(Z; — k) and R (2] +1})
is
A2isiek

B. \/E(_lin+}+l::)

¢ L(i+j-k)

-
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o {21 +j+k)

Answer

The equations of the plane is given by
A(x-x1)+B(y-y1)+C(z-21)=0

Where A,B and C are the drs of the normal to the plane.
Putting the first point,

=A(x-1)+B(y+1)+C(z-2)=0 ...(1)

Putting the second point in Eqn (1)
=A(2-1)+B(0+1)+C(-1-2)=0

A+B-3C=0 ...(a)

Putting the third point in Eqn (1)
=A(0-1)+B(2+1)+C(1-2)=0

= -A+3B-C=0 ...(b)

Solving (a) and (b) using cross multiplication method
A+B-3C=0

-A+3B-C=0

A B ¢
-1—-(-9) -1-3 3-—(-1)

a

A=8a;B=4a;C=4a

Put these in Eqn(1)
=8a(x-1)+4a(y+1)+4a(z-2)=0
=2(x-1)+(y+1)+(z-2)=0
=2X+2+y+1+z-2=0

2X+y+z+1=0

Now the vector perpendicular to this plane is
d=2i+j+k

Now the unit vector of ¢ is given by

JEE—
22412+ 12 =

€] = + 6

V
o 1, . . o=
¢=7=2i+j+k)(C)

5. Question

Mark the correct alternative in each of the following:

If §B represent the diagonals of a rhombus, then

—_

A Fxb=0
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Answer

The diagnols of a rhombus are always perpendicular

It means gis perpendicular tob

Q=90°
cos@ =0
a-b=0®

6. Question

Mark the correct alternative in each of the following:

-7

Vectors g and {, are inclined at angle 8 = 120°. If | 3| =1, b =2, then [(g —3E)x(3ﬁ _B) |” is equal to

A. 300
B. 325
C. 275
D. 225

Answer

@+ 35 x (3~
=[3(@x @ —(axb)—9(bxd) - (3.!3’:«:.!3’)]2

|3(0 = Angle between the same vector is 0° and sin0 = 0) —(_c{ X 3)
~3(@xB)-3(Bx5=0) ~ (bxd) = —(@axh

— = 2
l—lO (|a||b|sin?)l

2

3
1OOX1X4XZ

v sin— =sinT — —=s5in—-=
3 3

21 T T V3
2
=300 (A)
7. Question

Mark the correct alternative in each of the following:

=

i _:]'_ k.b=—i+ g:i +okand T =+ g:i _ k. then a unit vector normal to the vectors 7. p and

a
is

(e}

> o

i
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-

C'k

D. None of these

Answer
d+b=3+k
bh—&=3k

Let ¢ be perpendicular to both of these vectors

—

=(@a+b)x(b-20

oW
L= A

i
0
0
=i(9-0)—j(0—0)+k(0—0)

=97

Now the unit vector of ¢ is given by

.
. c
==
€]
€] =92 =9

é=§(9z)= i (A)
8. Question

Mark the correct alternative in each of the following:

A unit vector perpendicular to both 1 _:i and J _L"; is
Ai-j+k

B.i+j+k

A vector perpendicular to both of them is given by 7 x 3

Ry
>
ol
Il
21
Il

S = e
[l e
=y

=1(1-0) —j(1—0)+k(1—0)
=i—j+k

Now the unit vector of ¢ is given by
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9. Question

Mark the correct alternative in each of the following:
If ﬁzgi_g,:]‘_l; and | :i_4j_21;,then axDbis
A 10i+2j+11k

B. 10i+3j+11k

C.10i—-3j+11k

D.10i-2j-10k

Answer
L |tk
dxb=|2 -3 -1
-2 4 2

=6 —(—9) —j(-4— (D) + k(8- (-3))
=1(10) — j(—3) + k(11)

=107 + 3j + 11k (8)

10. Question

Mark the correct alternative in each of the following:

If 1 J L are unit vectors, then

Aij=1
B.{.i=1
C. i"x}:I

D. ; by (] by 1"{) =1
Answer

1 J k are unit vectors and angle between each of them is 90°
So,cos@ = cos% =0
So (A) is false “i.j = 0

Option (B) is true because angle between them is 0°

So, cosQ=cos0=1

i=17ll= =1
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(C)Falseas ixj= i
(D) is False as;xk‘:f
Andthenixi=0as sinQ =0

(B)
11. Question

Mark the correct alternative in each of the following:

If 8 is the angle between the vectors 3{ - g:i T 4}} and 3{ + _] + gk then sin 6 =

R A B«
dxb=[2 -2 4
3 1 2

=i(—4—4)—j(4—12) + k(2—(-6))
= —8i +8j + 8k
We know

|d x b| = |dl|p||sinQ||Al

= (87 +82+82 =27 (—2)2+ 42,/32 + 12 + 225inQ
= 83 = 2¢/6.4/145inQ

2 .
= —=sinQ (B)

VT

12. Question

Mark the correct alternative in each of the following:
If 1@ x b| = 4,]d.b| =2 then |7 |*| b |*=

A. 6

B.2

C. 20

D.8

Answer
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We know,

(@.5) +|axB| =1a>|p|
=22+ 42 = (317
~4+16=|dlB|

=20 = |&‘|2|3|2

13. Question

Mark the correct alternative in each of the following:

The value of (5 XB)E is
A a1+ ~(a-B)
B3 |bl* (a-D)

C.|a[*+[b[* —2(a-b)

I

D.|q[*+/b|* -4-b
Answer

Let Q be the angle between vectors a and b

= (lallblIsin@]I#l)?

= |a|?|b|?*sin*Q

= lal?|b|*(1 - cos?Q)

- sinQ=1-cos%Q

= |al?|b|* —|al?|b|*cos*Q

= |a|?|b|*— (a.b)? (B) “(a.b) = |a||b|cosQ

14. Question

Mark the correct alternative in each of the following:

The value of ;(]xﬁ)+3(ixﬁ)+ﬁ(;x]) is
A.0
B.-1
C.1
D. 3

Answer

We know,
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Jxj)=0;
(k x k) = 0;
(ix))=k;
(jx k)=t
(kxi)=j;
(xi)=—k;

Using them,

S

15. Question

Mark the correct alternative in each of the following:

If 8 is the angle between any two vectors g and {,, then |, b| = |@ x b| When 6 is equal to

A. 0

=

O
o | A

D.

Answer

|d.b| = |d x b
|d@||B| cos Q = |@||D]|sin @
tanQ =1

_}T
©=z
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